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ON THE ISOMORPHISM PROBLEM FOR C∗-ALGEBRAS OF
NILPOTENT LIE GROUPS
INGRID BELTIT¸A˘ AND DANIEL BELTIT¸A˘
Abstract. We investigate to what extent a nilpotent Lie group is determined
by its C∗-algebra. We prove that, within the class of exponential Lie groups,
direct products of Heisenberg groups with abelian Lie groups are uniquely
determined even by their unitary dual, while nilpotent Lie groups of dimension
≤ 5 are uniquely determined by the Morita equivalence class of their C∗-
algebras. We also find that this last property is shared by the filiform Lie
groups and by the 6-dimensional free two-step nilpotent Lie group.
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1. Introduction
The main results of the present paper are related to the following inverse problem
in noncommutative harmonic analysis: To what extent a locally compact group is
determined by its representation theory? If G is a locally compact group, then im-
portant information on its representation theory is encoded by the natural topology
of its unitary dual Ĝ, that is, the set of all equivalence classes of unitary irreducible
representations of G. When G is type I, additional information is encoded by the
group C∗-algebra of G, denoted by C∗(G), whose space of primitive ideals is canon-
ically homeomorphic to the dual space Ĉ∗(G), which is further homeomorphic to Ĝ.
The isomorphism problem referred to in the title may be stated as follows: If G1
and G2 are locally compacr groups whose C
∗-algebras are isomorphic, are G1 and
G2 necessarily isomorphic as locally compact groups?
Locally compact groups cannot, in general, be recovered from their C∗-algebras.
For instance, for all compact infinite Lie groups (or even compact infinite metriz-
able groups), their unitary dual spaces are countably infinite discrete topological
spaces, hence are homeomorphic to each other. As commutative C∗-algebras hav-
ing homeomorphic spaces of primitive ideals are ∗-isomorphic, it then follows that,
in particular, the C∗-algebras of all compact abelian Lie groups of dimension ≥ 1
are mutually ∗-isomorphic, hence for this class of Lie groups even the dimension of
a group cannot be read off from its C∗-algebra. This phenomenon is not confined
to compact groups, as several examples of non-isomorphic exponential Lie groups
having isomorphic C∗-algebras were pointed out in [28] and [16].
Nevertheless, it is rather easy to see that abelian simply connected Lie groups
are uniquely determined by their C∗-algebras, within the class of the connected
simply connected abelian Lie groups. Moreover, as we show below (Lemmma 4.2)
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the unitary dual distinguishes these abelian groups within the class of the connected
simply connected exponential Lie groups.
A natural question, that we address in this paper, can be then stated as follows:
If G1 and G2 are nilpotent Lie groups whose C
∗-algebras are isomorphic, are G1
and G2 necessarily isomorphic as Lie groups? This open problem was also stated
in [28]. Since we want to determine groups by their unitary representation theory,
it is more natural to study groups that have Morita equivalent C∗-algebras, not
necessarily isomorphic. As noted in [33, pages 160–161]:
“Two C∗-algebras are called strongly Morita equivalent if, roughly
speaking, their ∗-representation theories are identical. Since the
purpose of introducing C∗(G) is to understand the unitary repre-
sentation theory of G, which is equivalent to the ∗-representation
theory of C∗(G), the natural goal in studying unitary representa-
tions of a group G from Rieffel’s point of view is thus to classify
C∗(G) up to Morita equivalence.”
It is convenient to make the following definition.
Definition 1.1. An exponential Lie group G is called stably C∗-rigid if for every
other exponential Lie group H one has
G ≃ H ⇐⇒ C∗(G), C∗(H) are Morita equivalent.
Thus the problem stated above can be replaced by a more general one: Are
nilpotent Lie groups stably C∗-rigid? Indeed, in this paper we indicate examples of
noncommutative nilpotent Lie groups that are stably C∗-rigid. To this end we use
a range of tools including notions of multiplicity of limit points (see [29], [6], [5],
[3], and [2]) and of topological dimension (see [13] and [14]) that are suitable for
the study of noncommutative Lie groups and their C∗-algebras. We note that C∗-
rigidity properties of discrete nilpotent groups were recently obtained by completely
different methods (see for instance [24]).
Main results and structure of this paper. The paper starts with Section 2,
which contains the needed preliminaries, and also technical results on topological
spaces. In particular, for a nilpotent Lie group G, we introduce the quantity indG
that relates the dimension k such that there is an open dense subset of Gˆ that is
homeomorphic to an open subset of Rk and the maximal dimension of a coadjoint
orbit of G. This quantity will turn to be important in the next sections. Also, we
obtain some useful results on the maximal closed and Hausdorff subsets of locally
quasi-compact topological spaces.
Section 3 contains a detailed study of set of characters of a nilpotent Lie group,
as maximal closed and Hausdorff subsets of the unitary spectrum, and links the
properties of this set with those of the real rank of the group C∗-algebra.
The first result on C∗-rigidity of the paper proves that, within the class of expo-
nential Lie groups, the groups that are direct product of a Heisenberg group with
a vector space group are uniquely determined by their spectrum, which is actually
a stronger property than stably C∗-rigidity.
Theorem 1.2. Let G1 a nilpotent Lie group with Lie algebra g1 and assume that
dim[g1, g1] ≤ 1. Then for any exponential Lie group G2, Ĝ1 is homeomorphic to
Ĝ2 if and only if G1 is isomorphic to G2.
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The proof of Theorem 1.2 is given in Section 4, and it is based on the charac-
terization of the set of characters of nilpotent Lie groups performed in Section 3.
A weaker result of this type for Heisenberg groups was established in [17], which
used however some structures that cannot be encoded by the group C∗-algebras.
Using a completely different method we obtain this result on its natural level of
generality in Theorem 1.2.
In Section 5 we analyze the nilpotent Lie groups of dimension ≤ 5. In general, in
this case we need more than only the unitary dual to distinguish a group, namely
we need to pinpoint a special open dense subset given by the spectrum of the largest
bounded trace ideal in the C∗-algebra of the group. The result in this case is the
following theorem.
Theorem 1.3. Any nilpotent Lie group of dimension ≤ 5 is stably C∗-rigid.
Theorem 1.3 is proved in the last subsection of Section 5, To prove the theorem
we first study a class of more tractable Lie groups of arbitrary dimension, namely
the groups whose all nontrivial coadjoint orbits have the same dimension, and prove
that this class of is invariant, within the class of nilpotent Lie groups, under the
Morita equivalence of their C∗-algebras (Proposition 5.9). Some further useful
properties of these tractable groups are given in the first subsection of Section 5.
Theorem 1.2 is also used in the proof of Theorem 1.3.
Similar rigidity results are established Section 6 for the filiform (threadlike) Lie
groups of arbitrary dimension (Theorem 6.3) and for the free two-step Lie group
of dimension 6 (Theorem 6.6). The unitary dual of filiform Lie groups has been
used to illustrate the intricacy of the group C∗-algebras in [3], [4], [29], and the
references therein.
2. Preliminaries and technical results
2.1. General notation and terminology. We denote the Lie groups by upper
case Roman letters and their corresponding Lie algebras by the corresponding lower
case Gothic letters. By nilpotent Lie group we always mean a connected simply
connected nilpotent Lie group. By exponential Lie group we mean a Lie group G
whose exponential map expG : g→ G is bijective.
For an integer k ≥ 1, we denote by ak the commutative nilpotent Lie algebra of
dimension k, which is nothing else than a real vector space of dimension k. Then Ak
is the corresponding nilpotent Lie group. Also, we denote by H2k+1 the Heisenberg
group of dimension 2k + 1, and by h2k+1 its Lie algebra.
For a Lie group G with Lie algebra g, and Lie bracket [·, ·], we denote by g∗
the dual of g and by 〈·, ·〉 : g∗ × g → R the corresponding duality pairing. For any
subset s ⊆ g, we set
s⊥ := {ξ ∈ g∗ | 〈ξ, s〉 = 0}.
We denote its corresponding coadjoint action by Ad∗G : G× g
∗ → g∗. The space of
all coadjoint orbits is denoted by g∗/G, seen as a topological space with its natural
quotient topology. The corresponding quotient map is denoted by
q : g∗ → g∗/G, ξ 7→ Oξ,
hence for every ξ ∈ g∗ its corresponding coadjoint orbit is
Oξ := Ad
∗
G(G)ξ.
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The coadjoint isotropy subalgebra at ξ ∈ g∗ is
g(ξ) := {X ∈ g | 〈ξ, [X, g]〉 = 0}.
We recall that for any locally compact group G, Ĝ stands for the set of unitary
equivalence classes of unitary irreducible representations of G with the natural
topology defined in terms of the group C∗-algebra C∗(G). Then, in the case of
exponential Lie groups, we may tacitly identify
g∗/G ≃ Ĝ ≃ Ĉ∗(G),
via canonical homeomorphism (see [19], [27], and [23]).
Two separable C∗-algebras A1 and A2 are Morita equivalent if and only if they
are stably isomorphic, in the sense that there is a ∗-isomorphism A1⊗K ≃ A2⊗K,
where K is the C∗-algebra of compact operators on a separable infinite-dimensional
complex Hilbert space. If two C∗-algebras A1 and A2 are Morita equivalent, then
there is a homeomorphism Â1 ≃ Â2 (see [32]).
We use the notion of real rank RR(A) for a C∗-algebra A and results on the real
rank for C∗-algebras of exponential Lie groups. See [13] and the references therein.
Finally, we denote by R and C the fields of real and complex numbers, respec-
tively. We also denote R× := R \ {0} and T := {z ∈ C | |z| = 1}, and both these
sets are usually regarded as 1-dimensional Lie groups with respect to the group
operation given by multiplication.
2.2. Special R-spaces. The notions introduced in Definitions 2.1 and 2.5 were
suggested by the special topological properties of unitary dual spaces of nilpotent
Lie groups established in [17].
Definition 2.1. A special R-space is a topological space X endowed with a contin-
uous map R×X → X , (t, x) 7→ t ·x, called structural map, and with a distinguished
point x0 ∈ X satisfying the following conditions:
(1) For every x ∈ X and t ∈ R one has 0 · x = t · x0 = x0 and 1 · x = x.
(2) For all t, s ∈ R and x ∈ X one has t · (s · x) = ts · x.
(3) For every x ∈ X \ {x0} the map ψx : R→ X , t 7→ t · x is a homeomorphism
onto its image.
An R-subspace of the special R-space X is any subset Γ ⊆ X such that R× ·Γ ⊆ Γ.
If this is the case, then Γ ∪ {x0} is a special R-space on its own.
If Y is another special R-space with its structural map R×X → X , (t, x) 7→ t ·x
and its distinguished point y0 ∈ Y , then a map ψ : X → Y is called an isomorphism
of special R-spaces if ψ is a homeomorphism and ψ(t · x) = t · ψ(x) for all t ∈ R
and x ∈ X .
In the notation above, a function ϕ : X → R is called homogeneous if there exists
r ∈ [0,∞) such that ϕ(t · x) = trϕ(x) for all t ∈ R and x ∈ X .
Remark 2.2. If X is a special R-space, then one has:
(i) If t ∈ R× and x ∈ X \ {x0}, then t · x = x0 if and only if t = 0.
(ii) If ψ : X → Y is an isomorphism of special R-spaces then ψ(x0) = y0.
Example 2.3. If X is a special R-space and Γ ⊆ X is an R-subspace of X , then
X \ Γ is also an R-subspace of X .
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Example 2.4. If X is a special R-space and X is homeomorphic to R, then one
can check that for every x ∈ X \ {x0} the map ψx : R → X , t 7→ t · x, is a
homeomorphism, and moreover ψx is an isomorphism of R-spaces between X and
the R-space R regarded as a 1-dimensional real vector space.
Definition 2.5. A topological space X is a R-space of finite length if it is sec-
ond countable, is locally quasi-compact, has the property T1, and there exists an
increasing finite family of open subsets,
∅ = V0 ⊆ V1 ⊆ · · · ⊆ Vn = X, (2.1)
such that Vj \ Vj−1 is Hausdorff in its relative topology and dense in X \ Vj−1, for
j = 1, . . . , n, and satisfy the following additional properties:
(1) X has the structure of a special R-space and Γj := Vj \ Vj−1 ⊆ X is an
R-subspace for j = 1, . . . , n.
(2) Γn := X \ Vn−1 is isomorphic as a special R-space to a finite-dimensional
vector space, whose origin is the distinguished point x0 of X .
(3) For j = 1, . . . , n− 1 the points of Γj+1 are closed and separated in X \ Vj .
(4) For j = 1, . . . , n, Γj is isomorphic as a special R-space to a cone Cj in a
finite-dimensional vector space. In addition, C1 is assumed to be a semi-
algebraic Zariski open set, and the dimension of the corresponding ambient
vector space is called the index of X and is denoted by indX .
If G is a nilpotent Lie group with Lie algebra g, then its unitary dual Ĝ is a R-space
of finite length by [17, Thm. 4.11], and we define indG = ind g := ind Ĝ.
More details on the above definition could be found in [14].
Lemma 2.6. If G is a nilpotent Lie group and r ∈ N, then the following conditions
are equivalent:
(i) indG = r.
(ii) There exists an open dense subset V ⊆ Ĝ such that V is homeomorphic to an
open subset of Rr.
(iii) r = min{dim g(ξ) | ξ ∈ g∗}.
If r = 1, then the above conditions are further equivalent to the following one:
(iii) The center Z of G is 1-dimensional and there exists ξ ∈ g∗ whose coadjoint
isotropy group is equal to Z and the mapping R× → g∗/G, t 7→ Otξ, is a
homeomorphism of R× onto an open dense subset of g∗/G.
Proof. Use [17, Prop. 4.9]. 
Remark 2.7. If G1 and G2 are nilpotent Lie groups such that Ĝ1 is homeomorphic
to Ĝ2, then indG1 = indG2, as it follows easily from Lemma 2.6.
2.3. Maximal closed and Hausdorff subsets of a locally quasi-compact
topological space. The results in this subsection will be used in Section 5. We
start with a notation.
Notation 2.8. a) For a locally quasi-compact space X we denote by by Q(X) the
set of all closed connected subsets S ⊆ X for which the relative topology of S is
Hausdorff, and endow Q(X) with the partial ordering given by inclusion.
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For any net {xj}j∈J in X we also denote by lim inf
j∈J
{xj} the set of its limit points,
that is, the points x ∈ X having the property that for every neighborhood V of x
there exists jV ∈ J for which xj ∈ V for all j ∈ J with j ≥ jV .
b) For a nilpotent Lie group G we have identified g∗/G ≃ Ĝ and thus we can
use the notation Q(Ĝ) := Q(g∗/G).
Lemma 2.9. Let X be a locally quasi-compact space with an open subset D ⊆ X
satisfying the following conditions:
(a) D $ D, and the relative topology of D is locally connected and Hausdorff.
(b) For every net {xj}j∈J contained in D with (X \D) ∩ lim inf
j∈J
{xj} 6= ∅, one has
| lim inf
j∈J
{xj}| ≥ 2.
Then for every maximal element S of Q(X) one has S ⊆ X \D.
Proof. We may assume S 6= ∅ and we argue by contradiction: suppose S ∩D 6= ∅.
Then, since S is connected, either S ∩D is not relatively closed in S or S ⊆ D. We
discuss these cases separately.
Case 1: S ∩D is not relatively closed in S. Then there exists a net {xj}j∈J in
S∩D with (S \D)∩ lim inf
j∈J
{xj} 6= ∅. Then the hypothesis implies | lim inf
j∈J
{xj}| ≥ 2.
On the other hand, since S is closed, one has lim inf
j∈J
{xj} ⊆ S, hence we obtain a
contradiction with the fact that S is Hausdorff with respect to its relative topology.
Case 2: S ⊆ D. Since S is closed and D 6= D, one then actually has S $ D.
Since S 6= ∅, there exists s0 ∈ S \ intS. In particular s0 ∈ D and then, since D is
locally compact, s0 has a fundamental system of closed neighborhoods contained
in D. Therefore, as D is also locally connected, there exists a closed connected
neighborhood S0 of s0 with S0 ⊆ D.
One has s0 ∈ S0 ∩ S hence, since both S0 and S are connected, it follows that
S0 ∪ S is connected. Moreover, S0 ∪ S ⊆ D, hence the relative topology of S0 ∪ S
is Hausdorff. Also, both S0 and S are closed, hence S0 ∪ S is closed, and then
S0 ∪ S ∈ Q(X).
On the other hand, since s0 ∈ S\intS and S0 is a neighborhood of s0, one cannot
have S0 ⊆ S, hence S $ S0 ∪ S, and this is a contradiction with the hypothesis
that S is a maximal element of Q(X). This completes the proof. 
Lemma 2.10. Let X be a locally quasi-compact space with a finite family of open
subsets
∅ = D0 ⊆ D1 ⊆ · · · ⊆ Dn = X
satisfying the following conditions for k = 1, . . . , n− 1:
(a) Dk\Dk−1 is not a closed subset of X and its relative topology is locally connected
and Hausdorff.
(b) For every net {xj}j∈J contained in Dk \Dk−1 with (X \Dk)∩ lim inf
j∈J
{xj} 6= ∅,
one has | lim inf
j∈J
{xj}| ≥ 2.
Then for every maximal element S of Q(X) one has S ⊆ X \Dn−1.
Proof. We argue by induction. The case n = 1 is trivial, and the case n = 2 is
exactly Lemma 2.9.
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We now assume n ≥ 3 and that the assertion holds for n−1. Using the induction
hypothesis for the family
∅ = D0 ⊆ D1 ⊆ · · · ⊆ Dn−2 ⊆ X
we obtain
S ⊆ X \Dn−2. (2.2)
We now check that Lemma 2.9 can be applied to
D˜ := Dn−1 \Dn−2 ⊆ X \Dn−2 =: X˜.
It directly follows by hypothesis that X˜ is locally quasi-compact, and D˜ is an open
subset of X˜ whose relative topology is locally connected and Hausdorff. To show
that D˜ is not closed in X˜, we argue by contradiction: suppose that D˜ is a closed
subset of X˜. Then, since X˜ is a closed subset of X , it follows that D˜ = Dn−1\Dn−2
is closed in X , which is a contradiction with the hypothesis.
Now let {xj}j∈J be a net in D˜ with (X˜ \ D˜) ∩ lim inf
j∈J
{xj} 6= ∅. Since X˜ \ D˜ =
X \Dn−1, it then follows by hypothesis that | lim inf
j∈J
{xj}| ≥ 2.
Furthermore, since X˜ is a closed subset of X , it follows that Q(X˜) ⊆ Q(X)
and S ∈ Q(X˜) by (2.2), hence S is a maximal element of Q(X˜) as well. It then
follows by Lemma 2.9 that S ⊆ X˜ \ D˜ = X \Dn−1, and this completes the proof
by induction. 
2.4. The space of closed subgroups of a locally compact group. For any
locally compact group G we consider
K(G) := {K | K closed subgroup ⊆ G}.
It is well known that K(G) is a compact topological space with its Fell topology,
for which a basis consists of the sets
U(C,S) := {K ∈ K(G) | K ∩C = ∅; (∀A ∈ S) K ∩ A 6= ∅} (2.3)
for all compact sets C ⊆ G and all finite sets S of open subsets of G.
The following simple fact is probably well known.
Lemma 2.11. Let G be a first countable locally compact group. If (Kj)j and K
are closed subgroups of G with lim
j→∞
Kj = K in K(G), then for every finite family
x(1), . . . , x(m) ∈ K there exist a subsequence {Kji}i≥1 and x
(1)
i , . . . , x
(m)
i ∈ Kji for
every i ≥ 1 with lim
i→∞
x
(s)
i = x
(s) in G for s = 1, . . . ,m.
Proof. We first assume m = 1 and denote x := x(1). Let A1 ⊇ A2 ⊇ · · · be a
countable base of open neighborhoods of x in G. For every i ≥ 1 one has
U(∅, {Ai}) := {H ∈ K(G) | H ∩ Ai 6= ∅}
which is an open subset ofK(G), cf. (2.3). Since x ∈ K∩Ai, one hasK ∈ U(∅, {Ai}),
hence there exists ji ≥ 1 withKj ∈ U(∅, {Ai}), that is, Kj∩Ai 6= ∅, for every j ≥ ji,
by the hypothesis lim
j→∞
Kj = K in K(G). We may assume j1 < j2 < · · · . Selecting
any xi ∈ Kji ∩Ai and using the fact that A1 ⊇ A2 ⊇ · · · is a base of neighborhoods
of x, one can check that lim
i→∞
xi = x in G.
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The proof in the general case is done by induction. If m ≥ 2 and one has a
subsequence {Kji}i≥1 and x
(1)
i , . . . , x
(m−1)
i ∈ Kji for every i ≥ 1 with lim
i→∞
x
(s)
i =
x(s) in G for s = 1, . . . ,m− 1, then one defines x := x(m) and one can select by the
above method a suitable subsequence {Kjir }r≥1 of {Kji}i≥1 for which there exists
x
(m)
r ∈ Kjir for all r ≥ 1 with limr→∞
x
(m)
r = x(m) in G. This completes the induction
step and the proof. 
Remark 2.12. The proof of Lemma 2.11 involves neither the group structures of
G and Kj , nor the fact that G is locally compact. Therefore its reasoning leads to a
more general result: Let X be a topological space with its coresponding space X (X)
of all closed subsets of X endowed with its Fell topology. If X is first countable and
lim
j→∞
Kj = K in X (X), then for every finite family x(1), . . . , x(m) ∈ K there exist a
subsequence {Kji}i≥1 and x
(1)
i , . . . , x
(m)
i ∈ Kji for every i ≥ 1 with lim
i→∞
x
(s)
i = x
(s)
in X for s = 1, . . . ,m.
The following lemma uses the weak containment of subgroup representations in
the sense of [26].
Lemma 2.13. Let G be any locally compact group which is first countable, and
assume that lim
j→∞
Kj = K in K(G). Also let ϕ ∈ C(G) whose restriction ϕ|Kj is a
character of Kj for every j ≥ 1. Then the restriction ϕ|K is a character of K and
the subgroup representation 〈K,ϕ|K〉 is weakly contained in the family of subgroup
representations {〈Kj, ϕ|Kj 〉}j≥1.
Proof. To check that ϕ|K is a character of K we must prove that ϕ(K) ⊆ T and
ϕ|K : K → T is a group morphism, since ϕ|K is continuous by the hypothesis
ϕ ∈ C(G). To this end let x, y ∈ K arbitrary. It follows by Lemma 2.11 that,
after replacing {Kj}j≥1 by a suitable subsequence, we may assume that there exist
xj , yj ∈ Kj for every j ≥ 1 with lim
j→∞
xj = x and lim
j→∞
yj = y. Since ϕ ∈ C(G),
it then follows that ϕ(x) = lim
j→∞
ϕ(xj) and ϕ(y) = lim
j→∞
ϕ(yj). Now, using the
hypothesis that ϕ|Kj is a character of Kj for every j ≥ 1, it is straightforward to
check that ϕ|K is a character of K.
The weak containment assertion follows by [26, Lemma 3.2 and Thm. 3.1’]. 
3. Topological characterization of the set of characters
Let G be a nilpotent Lie group. Then the set of characters [g, g]⊥, regarded as
a subset of g∗/G, is closed, thus [g, g]⊥ ∈ Q(Ĝ).
For every even integer d ≥ 0 we denote
(g∗/G)d := {O ∈ g
∗/G | dimO = d}.
In particular (g∗/G)0 = [g, g]
⊥.
Lemma 3.1. Let G be a connected simply connected nilpotent Lie group with its
corresponding Lie algebra g. If q : g∗ → g∗/G, ξ 7→ Oξ, is the quotient map onto
the set of coadjoint orbits, then the following assertions hold:
(i) The complement Ĝ \ [g, g]⊥ of the set of characters is either empty (if G is
commutative) or dense in Ĝ (if G is noncommutative).
THE ISOMORPHISM PROBLEM FOR C∗-ALGEBRAS OF LIE GROUPS 9
(ii) For any dense open set D ⊆ g∗/G, the set q−1(D) ⊆ g∗ is also open and
dense.
Proof. The stated properties follow in a straightforward manner by the fact that q
is an open continuous map. See [14, Lemma 4.5] for more detail. 
The following result is a version of [17, Lemma 6.8(2)] for coadjoint orbits that
are not necessarily flat.
Lemma 3.2. Let G be a nilpotent Lie group. For any S ∈ Q(Ĝ), the set S∩ [g, g]⊥
is both closed and open in S.
Proof. It suffices to prove the set S∩ [g, g]⊥ is simultaneously closed and open with
respect to the relative topology of S. The set [g, g]⊥ is a closed subset of g∗/G
therefore S∩ [g, g]⊥ is a relatively closed subset of S. Thus it remains to prove that
S \ [g, g]⊥ is a relatively closed subset of S.
Assume that S \ [g, g]⊥ is not a relatively closed subset of S, hence there exist a
sequence {ξj}j∈N in g∗ and η ∈ g∗ with lim
j∈N
ξj = η and Oξj ∈ S \ [g, g]
⊥ for every
j ∈ N while Oη = {η} ∈ S ∩ [g, g]⊥.
Selecting a suitable subsequence, we may assume that there exists an integer
d > 0 with dimOξj = d for every j ∈ N. Selecting again a suitable subsequence,
using that the Grassmann manifold Gr(g) is compact, we may assume that for every
j ∈ N there exists a polarization pj ⊆ g at ξj ∈ g∗ such that the limit m := lim pj
exists in Gr(g). The subspace m is a subalgebra of g subordinated to η. If we
denote by Pj and M the corresponding closed subgroups of G with Lie algebras
pj and m respectively, we have that limPj = M in K(G). (See [15].) It follows
by Lemma 2.13 and [26, Thm. 4.3] that the set L of limit points of the sequence
{Oξj}j∈N contains the coadjoint orbits of all irreducible representations of G that
occur in the disintegration of the representation IndGM (e
iη|M ). By [20, Thm. 2 and
p. 556] we thus get that L ⊇ L0 := q(η +m⊥) and Oη ∈ L0. Since dimOη = 0, the
affine subspace η + m⊥ is not contained in the coadjoint orbit of η, hence L0 is a
connected set that contains more than one point. Thus η is not an isolated point
in L. On the other hand, since S is a closed subset of Ĝ, it follows that L ⊆ S. We
thus obtained a contradiction with the assumption that the relative topology of S
is Hausdorff, and this completes the proof. 
Proposition 3.3. For every nilpotent Lie group G, the set of characters [g, g]⊥ is
a maximal element of Q(Ĝ).
Proof. If S ∈ Q(Ĝ) and [g, g]⊥ ⊆ S, then [g, g]⊥ is a closed-open subset of S by
Lemma 3.2, since [g, g]⊥ = (g∗/G)d for d = 0. Using the fact that S is connected
and [g, g]⊥ 6= ∅ we then obtain [g, g]⊥ = S. Hence [g, g]⊥ is a maximal element of
Q(Ĝ). 
Remark 3.4. The set Q(Ĝ) is not inductively ordered, as could be seen for instance
in the case when G is a Heisenberg group. Thus not every element of Q(Ĝ) is
necessarily included in a maximal element.
For the nilpotent Lie groups for which all coadjoint orbits are flat, the result
of Proposition 3.3 can be improved by showing that [g, g]⊥ is the unique maximal
element of Q(Ĝ); see Proposition 3.7. That uniqueness property of [g, g]⊥ turns
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out to be shared by some other groups (see Lemma 5.11). It is then convenient to
introduce the following terminology that is motivated by Lemma 3.6 below and by
the formula for the real rank of group C∗-algebras
RR(C∗(G)) = dim[g, g]⊥ (3.1)
which holds for all exponential solvable Lie groups G, as shown in [13, Thm. 3.5].
(See also [14].)
Definition 3.5. Let G be a nilpotent Lie group.
(a) One says that G is type RR if for every other nilpotent Lie group H for which
C∗(G) and C∗(H) are Morita equivalent, one has dim[g, g]⊥ = dim[h, h]⊥.
(b) One says that G is type RR1 if [g, g]
⊥ is the unique maximal element of Q(Ĝ).
Lemma 3.6. Let G1 be nilpotent Lie group and assume that G1 is type RR1.
If G2 is another nilpotent Lie group and one has a homeomorphism ψ : Ĝ1 → Ĝ2,
then ψ([g1, g1]
⊥) = [g2, g2]
⊥ and dim[g1, g1]
⊥ = dim[g2, g2]
⊥. In particular, if a
nilpotent Lie group G is type RR1, then it is type RR.
Proof. The mapping Q(G1) → Q(G2), S 7→ ψ(S), is an isomorphism of partially
ordered sets, since ψ : Ĝ1 → Ĝ2 is a homeomorphism. Hence S ∈ Q(G1) is a
maximal element if and only if ψ(S) is a maximal element of Q(G2).
Since G1 is type RR1, it follows that the set Q(G1) has exactly one maxi-
mal element, namely [g1, g1]
⊥. Therefore the set Q(G2) in turn has exactly one
maximal element, namely ψ([g1, g1]
⊥). On the other hand, we know from Propo-
sition 3.3 that [g2, g2]
⊥ is a maximal element of Q(G2), hence ψ([g1, g1]
⊥) =
[g2, g2]
⊥. Along with the fact that ψ is a homeomorphism, this further implies
that ψ|[g1,g1]⊥ : [g1, g1]
⊥ → [g2, g2]
⊥ is a homeomorphism. Moreover, [g1, g1]
⊥ and
[g2, g2]
⊥ are vector spaces, hence it follows by Brouwer’s theorem on invariance of
domain that dim[g1, g1]
⊥ = dim[g2, g2]
⊥.
For the second assertion, if H is a nilpotent Lie group for which C∗(G) is Morita
equivalent to C∗(H), then Ĝ and Ĥ are homeomorphic by [32, Cor. 3.33], hence
dim[g, g]⊥ = dim[h, h]⊥ by Lemma 3.6. This concludes the proof. 
Proposition 3.7. If G is a nilpotent Lie group for which all its coadjoint orbits
are flat, then G is type RR1.
Proof. It follows by Proposition 3.3 that [g, g]⊥ is a maximal element of Q(Ĝ). Let
S be an arbitrary maximal element of Q(Ĝ). We prove that S ⊆ [g, g]⊥ and then,
the maximality of S implies that S = [g, g]⊥.
Since S is connected, it follows by [17, Lemma 6.8(2)] that there exists an even
integer d ≥ 0 such that S is contained in the set (g∗/G)d of all d-dimensional
coadjoint orbits. We may assume S 6= ∅ and then we may select ξ ∈ g∗ with
Oξ ∈ S. Let us define the continuous path γ : R → g∗/G, γ(t) := Otξ. One has
γ(R×) ⊆ (g∗/G)d.
Since S is closed, it follows that A := {t ∈ (0,∞) | γ(t) ∈ S} is a closed subset
of (0,∞). For t0 := inf A one has t0 ≤ 1 since γ(1) = Oξ ∈ S.
If t0 > 0 then we define S0 := γ([t0/2, 1]), which is a compact subset of (g
∗/G)d,
since the relative topology of (g∗/G)d is Hausdorff by [17, Lemma 6.8(1)]. In
particular S0 is a closed subset of g
∗/G, and it is clear that S0 is connected.
Moreover, γ(1) ∈ S0 ∩ S, hence S0 ∪ S is a closed connected subset of g∗/G.
Since S0 ∪ S ⊆ (g
∗/G)d, the relative topology of S0 ∪ S is Hausdorff, and thus
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S0 ∪ S ∈ Q(S). On the other hand, by the definition of t0 one has S0 6⊆ S, hence
S 6⊆ S0 ∪ S, which is a contradiction with the hypothesis that S is a maximal
element of Q(Ĝ).
Consequently t0 = 0, and it follows that there exists a sequence {tn}n∈N in
(0,∞) with lim
n∈N
tn = 0 and Otnξ = γ(tn) ∈ S for every n ∈ N. Since lim
n∈N
tnξ = 0,
the coadjoint orbit O0 = {0} is a limit point of the sequence {Otnξ}n∈N. The set
S is a closed subset of g∗/G, and thus O0 ∈ S. We noted above that S ⊆ (g∗/G)d,
hence d = 0, that is, S ⊆ [g, g]⊥. This concludes the proof. 
It follows by (3.1) and Definition 3.5(a) that real rank of C∗-algebras of nilpotent
Lie groups of type RR is preserved by Morita equivalence. As it is well known,
this not the case for arbitrary C∗-algebras (see for instance [13, Lemma 3.1 and
Rem. 2.2]).
4. Heisenberg groups are uniquely determined by their spectrum
The present section is devoted to the proof of Theorem 1.2.
Lemma 4.1. Let G be an exponential solvable Lie group. Then the following
assertions are equivalent:
(i) G is a liminary group.
(ii) Every coadjoint orbit of G is a closed subset of g∗.
(iii) G is a nilpotent Lie group.
Proof. The group G is exponential, hence it is a connected, simply connected, solv-
able Lie group of type I (see [8, Sect. 0, Rem. 3]). Then Glimm’s characterization
of separable C∗-algebras of type I (see [23, §9.1]) implies that G is postliminary.
By [9, Ch. V, Thm. 1–2] we get that the first assertion is equivalent with the fact
that G is of type R, that is, for every x ∈ g, all the eigenvalues of the operator
adgx : gC → gC are purely imaginary.
On the other hand since G is an exponential Lie group, it follows that for every
x ∈ g, the operator adGx : gC → gC has no nonzero purely imaginary eigenvalues
(see [27, Prop. 5.2.13, Thm. 5.2.16]), hence the first and third assertion are equiv-
alent. Finally, the equivalence between the first and second assertion follows from
[27, Thm. 5.3.31] and [23, Ex. 9.5.3]. 
The next lemma treats the case of abelian Lie groups.
Lemma 4.2. Let G1 be an abelian Lie group. If G2 is an exponential Lie group
with Ĝ1 homeomorphic to Ĝ2, then the Lie groups G1 and G2 are isomorphic.
Proof. Since Ĝ1 homeomorphic to Ĝ2, it follows that Ĝ2 must be Hausdorff. There-
fore, by [10, Thm. 1], the group G2 must be a compact extension of vector group.
Since G2 is assumed to be exponential, it cannot have non-trivial compact sub-
groups, hence it is a vector group.
Thus, the duals of G1 and G2 are vector spaces of dimensions dimG1 and dimG2,
respectively. By Brouwer’s theorem on the invariance of domain we then obtain
that dimG1 = dimG2, hence G1 and G2 are isomorphic. 
Proof of Theorem 1.2. We may assume by Lemma 4.2 that G1 is not abelian, there-
fore dim[g1, g1] = 1.
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Assume that ψ : Ĝ1 → Ĝ2 is a homeomorphism. Since G1 is a nilpotent Lie
group, the singleton subsets of Ĝ1 are closed, hence the singleton subsets of Ĝ2 are
also closed. The group G2 is an exponential Lie group, thus Lemma 4.1 implies
now that G2 is a nilpotent Lie group.
Since dim[g1, g1] = 1 it follows that there exist some integers d1 ≥ 1 and k1 ≥ 0
with G1 = Ak1 × H2d1+1. Then all the coadjoint orbits of G1 are flat and we
then obtain by Proposition 3.7 and Lemma 3.6 that ψ([g1, g1]
⊥) = [g2, g2]
⊥. In
particular, for Γ
(j)
1 := Ĝj \ [gj , gj ]
⊥ we also obtain ψ(Γ
(1)
1 ) = Γ
(2)
1 . Moreover,
Ĝ1 = Âk1 × Ĥ2d1+1, and Γ
(1)
1 = Âk1 × R
× (up to a homeomorphism), which is
a disconnected topological space. Therefore the set Γ
(2)
1 must be disconnected as
well.
Assume now that dim[g2, g2] ≥ 2. Then g∗2 \ [g2, g2]
⊥ is connected, hence its
image through the quotient map q : g∗2 → g
∗
2/G2 is connected. That is, the set
Γ
(2)
1 is connected, which is a contradiction. Consequently dim[g2, g2] ≤ 1, and
then there exist some integers k2, d2 ≥ 0 with G2 = Ak2 ×H2d2+1 (up to a group
isomorphism). One actually has d2 ≥ 1 since Γ
(2)
1 = ψ(Γ
(1)
1 ) 6= ∅. One then has
Γ
(2)
1 = Âk2×R
× and this set is homeomorphic to Âk1×R
×. Thus we obtain k1 = k2
by the theorem on invariance of domain. Since dim[gj , gj]
⊥ = 2dj + kk, we then
also obtain d1 = d2, and this completes the proof. 
5. Application to nilpotent Lie groups of dimension ≤ 5
This section is devoted to the proof of Theorem 1.3.
5.1. Nilpotent Lie groups of whose all nontrivial coadjoint orbits have the
same dimension. In order to prepare for the proof of Theorem 1.3, we study here
a class of more tractable nilpotent Lie groups, namely those whose all nontrivial
coadjoint orbits have the same, maximal, dimension. We make first a definition.
Definition 5.1. A nilpotent Lie algebra g is called of class T if for all ξ ∈ g∗\[g, g]⊥
one has dim g(ξ) = ind g = min{dim g(η) | η ∈ g∗}. (See also Lemma 2.6.) If this
is the case, then the nilpotent Lie group G is called of class T .
Lemma 5.2. Let g be a finite-dimensional real Lie algebra and let J (g) be the set
of its ideals, that is,
J (g) := {h ∈ Gr(g) | [g, h] ⊆ h}.
Then J (g) is a closed subset of Gr(g).
Proof. We prove that for every sequence {hn}n∈N in J (g) for which there exists
h = lim
n∈N
hn in Gr(g), one has h ∈ J (g). To this end let x ∈ g and y ∈ h arbitrary.
Then for every n ∈ N there exists yn ∈ hn with y = lim
n∈N
yn, hence [x, y] = lim
n∈N
[x, yn].
For every n ∈ N one has hn ∈ J (g), hence [x, yn] ∈ hn, and then [x, y] ∈ lim
n∈N
hn = h.
Thus [g, h] ⊆ h, and we are done. 
Lemma 5.3. Let g be a nilpotent Lie algebra. Assume that there exist two subsets
A0, A ⊆ g∗ and an even natural number d ∈ N satisfying the following conditions:
(a) For every ξ ∈ A one has dimOξ = d.
(b) One has A ⊆
⋃
ξ∈A0
Oξ.
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(c) For every ξ ∈ A0 one has Oξ = ξ + g(ξ)⊥.
Then the following assertions hold:
(i) For every ξ ∈ A one has Oξ = ξ + g(ξ)⊥.
(ii) If A = g∗ \ [g, g]⊥, then the Lie algebra g is 2-step nilpotent.
Proof. (i) It follows by (a) along with [15, Lemma 5.3] that the mapping
ψ : A→ Gr(g), ξ 7→ g(ξ),
is continuous. Now let us denote B0 :=
⋃
ξ∈A0
Oξ ⊆ g∗. By [19, Thm. 3.2.3], the
hypothesis (c) is equivalent to ψ(A0) ⊆ J (g). This is easily seen to be further equiv-
alent to ψ(B0) ⊆ J (g), which implies, by Lemma 5.2, ψ(B0) ⊆ J (g). Therefore,
using hypothesis (b) and the continuity of ψ, one obtains
ψ(A) ⊆ ψ(B0) ⊆ ψ(B0) ⊆ J (g).
The assertion then follows by [19, Thm. 3.2.3] again.
(ii) Using the notion of cortex Cor(g∗) with respect to the coadjoint action of G
defined as in [11, Ch. III] and [12], we first prove that
Cor(g∗) ⊆ [g, g]⊥. (5.1)
Indeed, the set g∗ \ [g, g]⊥ consists of flat coadjoint orbits of maximal dimension of
G, hence by [4, Thm. 2.2], they are separated points in g∗/G. Thus (5.1) follows.
It follows by [11, Thm. III-3.3] along with (5.1) that for all ξ ∈ g∗ and x ∈ g
one has (ad∗
g
x)ξ ∈ Cor(g∗) ⊆ [g, g]⊥. Therefore for all ξ ∈ g∗ and x, y, z ∈ g
one has 〈ξ, [x, [y, z]]〉 = 0, which directly implies that the Lie algebra g is 2-step
nilpotent. 
Proposition 5.4. If G is a nilpotent Lie group of class T , and Z is the center of
G, then the following assertions hold.
(i) One has indG = 1 if and only if G is a Heisenberg group.
(ii) If indG = 2, then either G is 2-step nilpotent, or one has dim z = 1, dim[g, g] =
2, and there exists ξ ∈ g∗ with g(ξ) = [g, g].
Proof. (i) By Lemma 2.6 one obtains dim z = 1 and there exists ξ0 ∈ g∗ with
g2(ξ0) = z and for which Γ := {Otξ0 | t ∈ R×} is an open dense subset of g∗/G.
Then, defining q : g∗ → g∗/G, ξ 7→ Oξ, it follows by Lemma 3.1 that q−1(Γ) is dense
in g∗, that is,
⋃
t∈R×
Otξ0 is dense in g
∗. Moreover, since g(tξ0) = z for all t ∈ R×, it
follows by [19, Thm. 3.2.3] that Otξ0 = tξ0 + z
⊥. Hence we may use Lemma 5.3(ii)
with A0 = {tξ0 | t ∈ R×} to obtain that the Lie algebra g is 2-step nilpotent. Since
we have noted above that the center of g is 1-dimensional, it then follows that g2
is a Heisenberg algebra.
(ii) Let us assume that ind g = 2 and g is not 2-step nilpotent, that is, [g, g] 6⊆ z.
In particular [g, g] 6= {0}, and then there exists ξ ∈ g∗ \ ([g, g]⊥) with [g, g] ⊆ g(ξ),
by Lemma 5.7. Since ξ 6∈ [g, g]⊥ and g is of class T , one has dim g(ξ) = ind g = 2.
One also has z ⊆ g(ξ) and [g, g] 6⊆ z, hence necessarily dim z = 1. Then z ⊆ [g, g].
If z = [g, g], then g is a Heisenberg algebra, which is a contradiction with the
assumption that g is not 2-step nilpotent. Consequently z $ [g, g] ⊆ g(ξ). Since
dim g(ξ) = 2, the assertion follows. 
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Example 5.5. There are many examples of 2-step nilpotent Lie algebras satisfying
the hypotheses of Lemma 5.3(ii), completely different from the Heisenberg algebras.
Here is a list of examples that illustrate this assertion.
(1) For any finite-dimensional real vector space V and any D ∈ End (V) with
D2 = 0, D 6= 0, define the Lie algebra g = gD := V ⋊αD R, using notation
from [15, Sect. 2]. That is, gD = V∔R as a vector space, and the Lie bracket
of gD is given by [(v1, t1), (v2, t2)] = (t1Dv2 − t2Dv1, 0) for all v1, v2 ∈ V
and t1, t2 ∈ R.
Then the Lie algebra g is 2-step nilpotent since D2 = 0, and dimOξ = 2
for all ξ ∈ g∗ \ [g, g]⊥. (See for instance [7, Thm. (ii)].) This includes for
instance the Lie algebra defined by a basis X1, X2, X3, X4, X5 satisfying
[X5, X4] = X2, [X5, X3] = X1, studied in [31, N5N2].
(2) Let g be the so-called free 2-step nilpotent Lie algebra with 3 generators, de-
fined by a basisX1, X2, X3, X4, X5, X6 satisfying [X6, X5] = X3, [X6, X4] =
X1, [X5, X4] = X2. This satisfies dimOξ = 2 for all ξ ∈ g∗ \ [g, g]⊥, and
was studied in [7, Thm. (iv)] and [31, N6N15].
(3) Let g be the 2-step nilpotent Lie algebra with a basisX1, X2, X3, X4, X5, X6
satisfying [X6, X5] = X2, [X6, X3] = X1, [X5, X4] = X1, [X4, X3] = X2.
Then one has dimOξ = 4 for all ξ ∈ g∗ \ [g, g]⊥. (See [31, N6N17].)
Example 5.6. Here we give some counterexamples related to Lemma 5.3(ii).
(1) If g is a 2-step nilpotent Lie algebra, then there may exist no number d ∈ N
with dimOξ = d for all ξ ∈ g∗ \ [g, g]⊥. For instance, the 8-dimensional
Lie algebra g = h3 × h5 (where h2k+1 denotes the (2k + 1)-dimensional
Heisenberg algebra for any k ∈ N) is 2-step nilpotent and yet it has both
2-dimensional and 4-dimensional coadjoint orbits. See also Lemmas 5.16
and 5.17.
(2) If g be a nilpotent Lie algebra for which there exists d ∈ N with dimOξ = d
for all ξ ∈ g∗ \ [g, g]⊥, then it does not necessarily follow that g is 2-step
nilpotent. This can be proved by several examples:
• If V is a finite-dimensional real vector space,D ∈ End (V) is a nilpotent
operator with D2 6= 0, and we define g = gD := V ⋊αD R as in
Example 5.5(1) above, then g is not 2-step nilpotent and yet dimOξ =
2 for all ξ ∈ g∗ \ [g, g]⊥. (See for instance [7, Thm. (ii)], which includes
[31, N6N18].)
• If g is the Lie algebra defined by a basis X1, X2, X3, X4, X5 satisfying
[X5, X4] = X3, [X5, X3] = X2, [X4, X3] = X1, then g is 3-step nilpo-
tent and yet dimOξ = 2 for all ξ ∈ g
∗ \ [g, g]⊥. (See [7, Thm. (v)] or
[31, N5N4].)
Lemma 5.7. Let g be a Lie algebra with [g, g] 6= {0}. Then there exists ξ ∈
g∗ \ ([g, g]⊥) with [g, g] ⊆ g(ξ), and g(ξ) is an ideal of g.
Proof. Denote g1 = [g, g]. Since g is nilpotent, one has [g, g1] $ g1. Then there
exists ξ ∈ g∗ with [g, g1] ⊆ Ker ξ and g1 6⊆ Ker ξ. That is, g1 ⊆ g(ξ) and ξ 6∈ (g1)⊥.
Since g1 ⊆ g(ξ), it follows that g(ξ) is an ideal of g, and this completes the
proof. 
Lemma 5.8. If the nilpotent Lie algebra g is of class T then
dim g ≤ ind g+ dim[g, g]⊥.
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Proof. One has dim[g, g]⊥ = dim g− dim[g, g]. Hence the assertion is equivalent to
dim[g, g] ≤ ind g. (5.2)
To prove this inequality, we may assume [g, g] 6= {0}. Then, by Lemma 5.7, there
exists ξ ∈ g∗ \ ([g, g]⊥) with [g, g] ⊆ g(ξ), hence dim[g, g] ≤ dim g(ξ). Since ξ 6∈
[g, g]⊥ and g is of class T , one has dim g(ξ) = ind g, and thus (5.2) follows. 
Proposition 5.9. Let G1 and G2 be nilpotent Lie groups such that C
∗(G1) and
C∗(G2) are Morita equivalent. Then G1 is of class T if and only if G2 is of class
T , and if this is the case then for every Rieffel homeomorphism ψ : Ĝ1 → Ĝ2 one
has ψ([g1, g1]
⊥) = [g2, g2]
⊥ and dim[g1, g1]
⊥ = dim[g2, g2]
⊥.
In particular, if G is a nilpotent Lie group of class T , then G is type RR.
Proof. Assume that G1 is of class T , and let ψ : Ĝ1 → Ĝ2 be a Rieffel homeomor-
phism, which exists by [32, Cor. 3.33].
Since G1 is of class T , the open subset
D1 := Ĝ1 \ [g1, g1]
⊥
of its unitary dual corresponds (via Kirillov’s correspondence) to the coadjoint
orbits of G1 having maximal dimension. It then follows by [5, Cor. 2.9] that D1 is
exactly the set of all points in Ĝ1 = Ĉ∗(G1) that have finite upper multiplicities. By
[5, Cor. 5.4] or [1, Cor. 13(2)], the set ψ(D1) consists of the points of Ĉ∗(G2) that
have finite upper multiplicities. Then, by [5, Cor. 2.9] again, ψ(D1) corresponds
to the set of coadjoint orbits of G2 having maximal dimension.
In particular, one has
[g2, g2]
⊥ ⊆ Ĝ2 \ ψ(D1). (5.3)
Since ψ is a bijection, one has Ĝ2 \ψ(D1) = ψ(Ĝ1 \D1) = ψ([g1, g1]⊥). Then, using
[g1, g1]
⊥ ∈ Q(G1), one obtains Ĝ2 \ ψ(D1) ∈ Q(G2). On the other hand, [g2, g2]⊥
is a maximal element of Q(G2) by Proposition 3.3 hence, by (5.3), one obtains
[g2, g2]
⊥ = Ĝ2 \ ψ(D1).
We have proved above that ψ(D1) corresponds to the set of coadjoint orbits of G2
having maximal dimension, hence it follows that G2 is class T and ψ([g1, g1]⊥) =
[g2, g2]
⊥. This equality also implies dim[g1, g1]
⊥ = dim[g2, g2]
⊥ by Brouwer’s the-
orem on invariance of domain, and we are done. 
5.2. A weaker version of Theorem 1.3. In this subsection we prove, among
other things, that two nilpotent Lie groups of dimension ≤ 5 are isomorphic if and
only if their unitary dual spaces are homeomorphic (Proposition 5.13). This will
help us to establish in Proposition 5.15 a partial version of Theorem 1.3.
We first recall the classification of nilpotent Lie algebras of dimension ≤ 5 over R,
and to this end we need to introduce some notation. Unless otherwise mentioned,
X1, . . . , Xn is a basis of a nilpotent Lie algebra of dimension n ≤ 5, and we give
only the brackets [Xj, Xk] that are different from zero.
We consider the following nilpotent Lie algebras:
(a) Case n = 3:
• n3: [X3, X2] = X1
(b) Case n = 4:
• n4: [X4, X3] = X2, [X4, X2] = X1
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(c) Case n = 5:
• n5,1: [X5, X4] = X1, [X3, X2] = X1
• n5,2: [X5, X4] = X2, [X5, X3] = X1
• n5,3: [X5, X4] = X2, [X5, X2] = X1, [X4, X3] = X1
• n5,4: [X5, X4] = X3, [X5, X3] = X2, [X4, X3] = X1
• n5,5: [X5, X4] = X3, [X5, X3] = X2, [X5, X2] = X1
• n5,6: [X5, X4] = X3, [X5, X3] = X2, [X5, X2] = X1, [X4, X3] = X1
With the above notation we can state the classification of nilpotent Lie algebras
of dimension ≤ 5.
Proposition 5.10. Every nilpotent Lie algebra of dimension ≤ 5 over R is iso-
morphic to exactly one of the following Lie algebras:
• Dimension 1: a1
• Dimension 2: a2
• Dimension 3: a3, n3
• Dimension 4: a4, a1 × n3, n4
• Dimension 5: a5, a2 × n3, a1 × n4, n5,1, n5,2, n5,3, n5,4, n5,5, n5,6
Proof. See [21, Prop. 1]. 
Lemma 5.11. If G is a nilpotent Lie group with dimG ≤ 5 and G is not isomorphic
to the filiform group F5, then G is type RR1.
Proof. If all the coadjoint orbits ofG are flat, thenG is type RR1 by Proposition 3.7.
If not all the coadjoint orbits of G are flat then, as a direct consequence of the
classification given in Proposition 5.10, g is isomorphic to one of the Lie algebras
n4 = f4, a1 × n4 = a1 × f4, n5,4, n5,6. In any of these cases, we will prove that for
any maximal element S of Q(Ĝ) one has S ⊆ [g, g]⊥ and then, by the maximality
property of S it follows that S = [g, g]⊥.
We discuss the above four cases separately:
Case 1: g = n4 = f4. By [22, Prop. 2] or [25, Th. 5.4] we obtain open subsets
∅ = D0 ⊂ D1 ⊂ D2 ⊂ D3 = F̂4 (5.4)
whereD1 = D1\D0 ≃ R×R× is dense in F̂4, D2\D1 ≃ R×, andD3\D2 = [f4, f4]⊥ ≃
R2. In addition, D1 and D2 \ D1 are not closed in F̂4 and all the hypotheses of
Lemma 2.10 are satisfied with n = 3 and X = F̂4. It then follows by that lemma
that for every maximal element S of Q(Ĝ) one has S ⊆ F̂4 \D2 = [f4, f4]⊥, and we
are done.
Case 2: g = a1 × n4 = a1 × f4. Using the notation of Case 1, we obtain
∅ = D0 ⊂ a
∗
1 ×D1 ⊂ a
∗
1 ×D2 ⊂ a
∗
1 ×D3 = Ĝ
and this family of open subsets of Ĝ satisfies all the hypotheses of Lemma 2.10
since so does the family (5.4) from Case 1. By that lemma we then obtain again
that for any maximal element S of Q(Ĝ) one has S ⊆ [g, g]⊥.
Case 3: g = n5,4. By [25, Th. 5.6] or [30, Th. 8.2] we obtain the open subsets
∅ = D0 ⊂ D1 ⊂ D2 ⊂ D3 = N̂5,4
where D1 = D1 \D0 ≃ (0,∞)× T is dense in N̂5,4, D2 \D1 ≃ R×, and D3 \D2 =
[n5,4, n5,4]
⊥ ≃ R2. In addition, D1 and D2 \D1 are not closed in N̂5,4 and all the
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hypotheses of Lemma 2.10 are satisfied with n = 3 and X = N̂5,4. By that lemma
we then obtain again that for any maximal element S of Q(Ĝ) one has S ⊆ [g, g]⊥.
Case 4: g = n5,6. By [22, Prop. 7] we obtain the open subsets
∅ = D0 ⊂ D1 ⊂ D2 ⊂ D3 ⊂ D4 = N̂5,6
where D1 = D1 \D0 ≃ R× is dense in N̂5,6, D2 \ D1 ≃ R × R×, D3 \D2 ≃ R×,
and D4 \D3 = [n5,6, n5,6]⊥ ≃ R2. In addition, D1, D2 \D1, and D3 \D2 are not
closed in N̂5,6 and all the hypotheses of Lemma 2.10 are satisfied with n = 3 and
X = N̂5,4. By that lemma we then obtain again that for any maximal element S
of Q(Ĝ) one has S ⊆ [g, g]⊥, and this completes the proof. 
Proposition 5.12. If G is a nilpotent Lie group with dimG ≤ 5, then G is type RR.
Proof. If G is not isomorphic to the filiform group F5, then G is type RR1 by
Lemma 5.11, hence G is type RR by Lemma 3.6.
If G is isomorphic to F5, then G is class T , hence G is type RR by Proposition 5.9.
This completes the proof. 
Proposition 5.13. If G1 and G2 are nilpotent Lie groups satisfying the condition
max{dimG1, dimG2} ≤ 5, then one has
G1 is isomorphic to G2 ⇐⇒ Ĝ1 is homeomorphic to Ĝ2.
Proof. Assume that Ĝ1 is homeomorphic to Ĝ2. It follows by Lemma 2.6 that
indG1 = indG2. (5.5)
Furthermore, if both G1 and G2 are isomorphic to the filiform group F5, then we
are done. Otherwise, if for instance G1 is not isomorphic to F5, then G1 is type RR1
by Lemma 5.11. It then follows by Lemma 3.6 that
RR(C∗(G1)) = RR(C
∗(G2)). (5.6)
For any nilpotent Lie algebra g and G the corresponding connected simply con-
nected nilpotent Lie group we have hence RR(C∗(G)) = dim(g/[g, g]) by (3.1).
On the other hand, g1 and g2 belong to the list of Lie algebras provided by Propo-
sition 5.10. Using the detailed information that is available on the coarse partitions
of the spaces of coadjoint orbits (see for instance [31]), one easily obtains the fol-
lowing values for the real rank and the index of the connected simply connected
nilpotent Lie groups corresponding to the Lie algebras in the above mentioned list.
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g RR(C∗(G)) ind (G)
ak (1 ≤ k ≤ 5 ) k k
n3(= h3) 2 1
a1 × n3(= a1 × h3) 3 2
n4(= f4) 2 2
a2 × n3(= a2 × h3) 4 3
a1 × n4(= a1 × f4) 3 3
n5,1(= h5) 4 1
n5,2 3 3
n5,3 3 1
n5,4 2 3
n5,5(= f5) 2 3
n5,6 2 1
If either G1 or G2 is a direct product of an abelian group with a Heisenberg
group, then G1 is isomorphic to G2 by Theorem 1.2.
Because of these observations, it suffices to compare to each other the unitary
dual spaces of any two Lie groups from the above list from which one has removed
the Heisenberg groups and the abelian groups. Comparing the values of RR and ind
from the above table, one easily checks that only in dimension 5 one encounters
pairs of distinct Lie algebras with groups having the same real rank and index,
namely
(1) a1 × n4(= a1 × f4) and n5,2,
(2) n5,4 and n5,5(= f5).
So, due to (5.5)–(5.6), it remains to compare to each other the unitary dual spaces
of the above pairs, which can be done as follows:
(1) There is no homeomorphism between the unitary duals of the groups G1 :=
A1 × F4 and G2 := N5,2.
Indeed, any homeomorphism between the unitary duals of the groups
G1 and G2 should map to each other the spaces of characters of these
groups, by Lemma 5.11 and Lemma 3.6. On the other hand, by [22, Prop.
4], the group G2 has the property that the complement of the characters
Ĝ2 \ [g2, g2]⊥ is Hausdorff in its relative topology. However, the relative
topology of the complement of the characters Ĝ1 \ [g1, g1]
⊥ does not have
the Hausdorff property as a direct consequence of [22, Prop. 2].
(2) There is no homeomorphism between the unitary duals of the groups N5,4
and N5,5(= F5).
In fact, as noted in [29, §5], there exists a properly convergent sequence
in F̂5 that has exactly three limit points.
On the other hand [25, Thm. 5.6] (see also [30, Thm. 8.2]) shows that
the set of limit points of any properly convergent sequence in N̂5,4 contains
either one point, or two points, or infinitely many points, as soon as we
proved the following assertion:
Assume that lim
n→∞
sn = 0 in R, lim
n→∞
wn = 0 in (0,∞), and {θn}n≥1 is a
sequence of real numbers. Then the set{
(u1, u2) ∈ R2 | lim inf
n→∞
( sn
wn
− u1 sin θn − u2 cos θn
)
≤ 0
}
(5.7)
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is either empty or infinite.
To prove this, denote by E ⊆ R2 the set in (5.7), and assume that E 6= ∅,
so that we can select a point (u1, u2) ∈ E.
Restricting to a suitable subsequence, we may assume that all the real
numbers in the sequence {sin θn}n≥1 have the same sign ǫ1 ∈ {±1}, and
likewise all the real numbers in the sequence {cos θn}n≥1 have the same
sign ǫ2 ∈ {±1}.
Let u′j ∈ R arbitrary with 0 ≤ (u
′
j − uj)εj for j = 1, 2. Then for every
n ≥ 1 one has 0 ≤ (u′1 − u1)ε1| sin θn| = (u
′
1 − u1) sin θn and similarly
0 ≤ (u′2 − u2) cos θn. We then obtain
(∀n ≥ 1)
sn
wn
− u′1 sin θn − u
′
2 cos θn ≤
sn
wn
− u1 sin θn − u2 cos θn
and, since (u1, u2) ∈ E, it then follows that (u′1, u
′
2) ∈ E. As the set of
points (u′1, u
′
2) ∈ R2 with 0 ≤ (u′j−uj)εj for j = 1, 2 is infinite, E is infinite.
This completes the proof. 
Remark 5.14. Neither of Propositions 5.12 and 5.13 is stronger than the other
one.
We now can take another step towards the proof of Theorem 1.3.
Proposition 5.15. Let G1 be a Lie group of class T with dimG1 ≤ 5. If G2 is a
nilpotent Lie group for which C∗(G1) is Morita equivalent to C
∗(G2), then G1 is
isomorphic to G2.
The proof of this proposition requires several lemmas.
Lemma 5.16. If g is a nilpotent Lie algebra of class T and there exist Lie algebras
g1 and g2 with g = g1×g2, then at least one of the Lie algebras g1 and g2 is abelian.
Proof. Assuming for j = 1, 2 that gj is not abelian, it follows that there exists
ξj ∈ g∗j with {0} $ gj(ξj) $ gj . For ξ := (ξ1, ξ2) ∈ g
∗
1 × g
∗
2 = g
∗ one has
g(ξ) = g1(ξ1) × g2(ξ2). Similarly, for η := (0, ξ2) ∈ g∗1 × g
∗
2 = g
∗ one has g(η) =
g1 × g2(ξ2), hence g(η) $ g(ξ) $ g, and this shows that g is not of class T , which
is a contradiction with the hypothesis. 
Lemma 5.17. A Lie algebra g is of class T if and only if there exist an integer
k ≥ 0 and an indecomposable Lie algebra g0 of class T with g = ak × g0.
Proof. If g0 is of class T , then it is easily checked that ak × g0 is of class T .
We prove the converse assertion by induction on dim g. If dim g = 1, then g = a1,
and we are done.
For the induction step, if g is indecomposable, then we may set k := 0 and
g0 := g. If g is not indecomposable, then there exist Lie algebras g1 and g2 with
g = g1 × g2 and dim gj ≥ 1 for j = 1, 2. Since g is of class T , it follows by
Lemma 5.16 that one of the Lie algebras g1 and g2 is abelian. We may assume that
there exists an integer k1 ≥ 1 with g1 = ak1 . Thus g = ak1×g2 with dim g2 < dim g.
Since g is of class T , it is straightforward to check that g2 is of class T and then,
by the induction hypothesis, there exist an integer k2 ≥ 0 an an indecomposable
Lie algebra g0 of class T with g2 = ak2 ×g0. Thus a = ak1 × ak2×g0 = ak1+k2 ×g0,
and this completes the induction step. 
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Lemma 5.18. If G1 and G2 are simply connected solvable Lie groups for which
C∗(G1) and C
∗(G2) are Morita equivalent, then dimG1−dimG2 is an even integer.
Proof. It follows by [18, Sect. V, Cor. 7] that for any simply connected solvable
Lie group G there is a group isomorphism K0(C
∗(G)) ≃ KjG(C), where jG = 0 if
dimG is an even integer, and jG = 1 if dimG is an odd integer. Moreover, one has
a group isomorphism K0(C
∗(G)) ≃ K0(C∗(G)⊗K) by [34, Cor. 6.2.11]. Thus the
hypothesis implies KjG1 (C) ≃ KjG2 (C).
On the other hand, it is well known that K0(C) = Z and K1(C) = {0} (cf. [34,
§6.5]), hence the existence of a group isomorphism KjG1 (C) ≃ KjG2 (C) implies
jG1 = jG2 , and now the assertion follows at once. 
Proof of Proposition 5.15. By a simple analysis using Proposition 5.10 we see that
every Lie algebra of class T having dimension n ≤ 5 is isomorphic to precisely one
of the following Lie algebras:
(a) Case n = 1: a1
(b) Case n = 1: a2
(c) Case n = 3: a3, n3
(d) Case n = 4: a4, a1 × n3, n4
(e) Case n = 5: a5, a2 × n3, a1 × n4, n5,1, n5,2, n5,4, n5,5
We may assume without loss of generality that G1 is nonabelian. One has
indG1 = indG2 and dim[g1, g1]
⊥ = dim[g2, g2]
⊥ (5.8)
by Remark 2.7 and Proposition 5.9, respectively. On the other hand, it follows by
Proposition 5.9 that G2 is of class T and then, by Lemma 5.8, we obtain
dim g2 ≤ indG1 + dim[g1, g1]
⊥. (5.9)
Therefore we need to discuss the cases below.
• dim g1 = 3. Then g1 = n3, hence indG1 = 1 and dim[g1, g1]⊥ = 2.
• dim g1 = 4. If g1 = a1 × n3, then indG1 = 2 and dim[g1, g1]⊥ = 3. If g1 = n4,
then indG1 = 2 and dim[g1, g1]
⊥ = 2.
Thus, if dimG1 ≤ 4, then we obtain dimG2 ≤ 5 by (5.9), hence G1 is isomorphic
to G2 by Proposition 5.13.
• dim g1 = 5. If g1 = a2× n3, then Theorem 1.2 is applicable. If g1 is one of the
Lie algebras a1 × n4, n5,1, n5,2, n5,4, or n5,5, then an inspection of the table from
the proof of Proposition 5.13. shows that indG1 + dim[g1, g1]
⊥ ≤ 6.
Thus, if dimG1 = 5, then dimG2 ≤ 6 by (5.9). Moreover, Lemma 5.18 shows
that dimG2 6= 6, hence dimG2 ≤ 5, and then G1 is isomorphic to G2 by Corol-
lary 1.3. 
5.3. Proof of Theorem 1.3.
Lemma 5.19. Let G1 and G2 be nilpotent Lie groups for which C
∗(G1) is Morita
equivalent to C∗(G2), and denote by Zj the center of Gj for j = 1, 2. If indG1 =
1, then indG2 = dimZ2 = dimZ1 = 1 and C
∗(G1/Z1) is Morita equivalent to
C∗(G2/Z2).
Proof. One has indG2 = indG1 = 1 by Remark 2.7. Therefore, by Lemma 2.6, one
has dimZ2 = dimZ1 = 1 and there exists ξj ∈ g∗j with gj(ξj) = z2 and moreover
the mapping R× → g∗j/Gj , t 7→ Ad
∗
Gj
(Gj)(tξj), is a homeomorphism of R× onto an
open dense subset Dj of g
∗
j/Gj . The set Dj is the set of all coadjoint orbits of Gj
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having maximal dimension, whose union is {η ∈ g∗j | z 6⊆ Ker η}. Let Jj ⊆ C
∗(Gj)
be the closed two-sided ideal with Ĵj = Dj . Then there is a short exact sequence
of C∗-algebras
0→ Jj → C
∗(Gj)→ C
∗(Gj/Zj)→ 0.
Moreover, Jj is the largest bounded-trace ideal of C
∗(Gj) (see [3, Sect. 2]).
It then follows by [1, Cor. 9] that for any fixed imprimitivity C∗(G1)-C
∗(G2)-
bimodule its corresponding Rieffel correspondence carries J1 to J2. Now, using [32,
Prop. 3.25], we obtain that the quotients C∗(G1)/J1 and C∗(G2)/J2 are Morita
equivalent. Then, taking into account the above short exact sequences, the C∗-
algebras C∗(G1/Z1) and C
∗(G2/Z2) are Morita equivalent. This completes the
proof. 
Proof of Theorem 1.3. Let G1 be a nilpotent Lie group of dimension ≤ 5 and G2
an exponential Lie group such that C∗(G1) is Morita equivalent to C
∗(G2). We
must prove that the Lie groups G1 and G2 are isomorphic.
First, Lemma 4.1 implies that G2 must be nilpotent.
Then, if G1 is of class T , the assertion follows by Proposition 5.15.
Now let us assume that G1 is not of class T . It follows by Proposition 5.10 and
the list in the proof of Proposition 5.15 that the only 5-dimensional nilpotent Lie
algebras which are not of class T are n5,3 and n5,6. Let us denote the center of gj
by zj for j = 1, 2.
If either g1 = n5,3 or g1 = n5,6, then indG1 = 1, hence by Lemma 5.19 we obtain
that C∗(G1/Z1) is Morita equivalent to C
∗(G2/Z2) and dimZ2 = 1. Here G1/Z1 is
isomorphic either to A1×H3 (if g1 = n5,3) or to N4 (if g1 = n5,6). Both Lie groups
A1 ×H3 and N4 are 4-dimensional and are of class T , hence by Proposition 5.15
we obtain that G1/Z1 is isomorphic to G2/Z2. In particular dimG2 = 5, and then
G1 is isomorphic to G2 by Proposition 5.13. This completes the proof. 
6. Other examples
So far we established that the class of stably C∗-rigid groups contains all nilpo-
tent Lie groups of dimension ≤ 5 and direct products of Heisenberg groups with
abelian Lie groups. We show in this section that the above class also contains the
filiform Lie groups and some 6-dimensional nilpotent Lie groups.
6.1. Filiform Lie groups. Lie algebras of the filiform Lie groups are defined as
follows: For n := dim g ≥ 3, the nilpotent Lie algebra fn has a basis X1, . . . , Xn
with the commutation relations
[Xn, Xj ] = Xj−1 for j = 1, . . . , n− 1,
where X0 := 0, and [Xk, Xj] = 0 if 1 ≤ j ≤ k ≤ n− 1.
Proposition 6.1. For any m,n ≥ 3, F̂n and F̂m are homeomorphic if and only if
n = m.
Proof. For every n ≥ 3 one has indFn = n − 2, and then the assertion follows by
Remark 2.7. 
Remark 6.2. The stronger hypothesis that C∗(Fm) is Morita equivalent to C
∗(Fn)
implies that m = n, by [3, Thms. 4.1 and 4.8], [6, Prop. 2.2] and [1, Thm. 10].
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We introduce here the 6-dimensional free 2-step nilpotent Lie algebra, denoted
n6,15 in [31], that is, the Lie algebra defined by a basis X1, X2, X3, X4, X5, X6
satisfying the commutation relations
[X6, X5] = X3, [X6, X4] = X1, [X5, X4] = X2.
This will be needed in the proof of the next theorem, and also treated in Subsec-
tion 6.3.
Theorem 6.3. The filiform Lie group Fn is stably C
∗-rigid for every n ≥ 3.
We first prove the following lemma.
Lemma 6.4. If g is a nilpotent Lie algebra of class T with RR(C∗(G)) ≤ 3, then
ind g = dim g− 2.
Proof. Since g is class T , it follows by Lemma 5.7 that there exists ξ ∈ g∗ with
[g, g] ⊆ g(ξ) $ g.
Here 2 ≤ dim(g/[g, g]) = RR(C∗(G)) ≤ 3 by hypothesis, hence 2 ≤ dim(g/g(ξ)) ≤
3. On the other hand dim(g/g(ξ)) is an even integer, hence dim(g/g(ξ)) = 2. Since
g is class T , we then obtain ind g = dim g(ξ) = dim g− 2. 
Proof of Theorem 6.3. We must prove that if G is an exponential Lie group for
which C∗(G) is Morita equivalent to C∗(Fn), then G is isomorphic to the Lie
group Fn.
It follows by Lemma 4.1 thatG is a nilpotent Lie group. Moreover, RR(C∗(G)) =
RR(C∗(Fn)) = 2 and G is class T by Proposition 5.9. Therefore we may use
Lemma 6.4 to obtain ind g = dim g− 2, that is, all the non-trivial coadjoint orbits
of g have dimension 2. Since g is nilpotent, it then follows by [7, Thm.] that one
of the following cases may occur:
Case 1: There exists a hyperplane abelian ideal of g.
Case 2: There exists an integer k ≥ 0 with g = ak × n6,15.
Case 3: There exists an integer k ≥ 0 with g = ak × n5,4.
In Case 2 one has 2 = RR(C∗(G)) = RR(C∗(Ak × N6,15)) = k + 3, hence k =
−1, which is impossible. In Case 3, one has similarly that 2 = RR(C∗(G)) =
RR(C∗(Ak ×N5,4)) = k + 2, hence k = 0. That is, g = n5,4, but this is impossible
since Theorem 1.3 shows that C∗(N5,4) is not Morita equivalent to C
∗(Fn).
It follows by the above discussion that only Case 1 can occur, hence there exists
an abelian ideal a E g with dim(g/a) = 1. Let us denote m := dim g and select
any X ∈ g \ a. Then [g, g] = [X, a], since [a, a] = {0}. Since dim[g, g] = dim g −
RR(C∗(G)) = m − 2, it then follows that the operator D := (adgX)|a : a → a
is nilpotent and its range has codimension 1 in a. This implies that the Jordan
decomposition of D consists of exactly one Jordan cell, which further implies that g
is isomorphic to the filiform Lie algebra fm. Since C
∗(G) and C∗(Fn) are Morita
equivalent, it then follows by Proposition 6.1 that m = n, hence G is isomorphic
to Fn, and this completes the proof. 
6.2. The groups Hm,n. For any m,n ≥ 1, Hm,n are the nilpotent Lie groups with
Lie algebras hm,n with a basis {X1, . . . , Xm} ∪ {Y0, . . . , Yn} and the bracket given
by
[Xi, Yj ] = Yi+j
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for all i ∈ {1, . . . ,m} and j ∈ {0, . . . , n} with i+ j ≤ n. We recall that dimHm,n =
m + n + 1 for all m ≥ n ≥ 1, and all the coadjoint orbits of Hm,n are flat. (See
[17, Subsect. 6.2] and the references therein.) We also define Hm,0 := Am+1, the
(m+ 1)-dimensional abelian Lie group.
For any C∗-algebra A we will denote by I(A) the set of all closed 2-sided ideals
of A.
Proposition 6.5. If m1 ≥ n1 ≥ 1 and m2 ≥ n2 ≥ 1, then C∗(Hm1,n1) is Morita
equivalent to C∗(Hm2,n2) if and only if m1 = m2 and n1 = n2.
Proof. Denote Ak := C
∗(Hmk,nk) for k = 1, 2. Assume thatA1 is Morita equivalent
to A2, and let X be an A1−A2-imprimitivity bimodule with Rieffel correspondence
X-Ind: I(A2) → I(A1). If Jk ∈ I(Ak) is the largest bounded-trace ideal of Ak
for k = 1, 2 then, using [5, Thm. 2.8 and Cor. 2.9], one obtains the canonical
homeomorphism Ĵk ≃ Γk, where Γk ⊆ Âk is the open subset corresponding to the
coadjoint orbits of Hmk,nk having maximal dimension. The short exact sequence
[17, Eq. (6.3)] then takes on the form
0→ Jk → Ak → C
∗(Hmk,nk−1)→ 0.
On the other hand, since Jk is the largest bounded-trace ideal of Ak, one has X-
Ind(J2) = J1 by [1, Cor. 9], and it further follows by [32, Prop. 3.25] that A1/J1
is Morita equivalent to A2/J2 for k = 1, 2. The above short exact sequence then
shows that C∗(Hm1,n1−1) is Morita equivalent to C
∗(Hm2,n2−1).
Now let us assume that n1 ≤ n2. Iterating the above reasoning, we obtain
that C∗(Hm1,0) is Morita equivalent to C
∗(Hm2,n2−n1). Since Hm1,0 is the abelian
(m1 + 1)-dimensional Lie group, it then follows by Lemma 4.2 that Hm2,n2−n1 is
abelian and in fact is isomorphic to Hm1,0, and then n2 − n1 = 0 and m2 = m1,
which concludes the proof. 
6.3. The 6-dimensional free 2-step nilpotent Lie group. We now turn our
attention towards the 6-dimensional free 2-step nilpotent Lie algebra defined just
before Theorem 6.3.
Theorem 6.6. The nilpotent Lie group N6,15 is stably C
∗-rigid.
Proof. Let G be an exponential Lie group for which C∗(G) is Morita equivalent to
C∗(N6,15). We must prove that G is isomorphic to N6,15.
It is well known that the coadjoint orbits of N6,15 have dimensions ≤ 2 and then
we directly obtain indN6,15 = 4. Thus indG = indN6,15 = 4 by Remark 2.7. Also,
since N6,15 is class T , it follows by Proposition 5.9 that G is class T and
dim[g, g]⊥ = dim[n6,15, n6,15]
⊥ = 3.
On the other hand, since G is class T , we obtain dim g ≤ 4+ 3 = 7 by Lemma 5.8.
Now, by Lemma 5.18, it follows that dim g ∈ {2, 4, 6}. We discuss these cases
separately below.
• Case dim g = 2. Then g is abelian, hence dim[g, g]⊥ = 2, which is a contradic-
tion with the equality dim[g, g]⊥ = 3 established above.
• Case dim g = 4. If g is abelian, then dim[g, g]⊥ = 4, which is a contradiction
as above. If g is not abelian, then g = h3× a1 and then, by Theorem 1.2, we obtain
that the group N6,15 is isomorphic to H3 ×A1, which is again a contradiction.
• Case dim g = 6. There are two possible subcases.
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Subcase 1: There exist Lie algebras g1 and g2 with g = g1 × g2 and dim gj ≥ 1
for j = 1, 2. We may assume dim g1 ≤ dim g2 without loss of generality. Since
dim g1 + dim g2 = dim g = 6, we may have either dim g1 = 1, or dim g1 = 2, or
dim g1 = 3.
If neither g1 nor g2 is abelian, then g is not of class T , which is a contradiction
with what we already established above.
If one of the Lie algebras g1 and g2 is abelian, then we have either dim g1 ≤ 2,
or dim g1 = 3 and g1 is abelian, hence g1 = ak with k ∈ {1, 2, 3}. Then
3 =dim[g, g]⊥ = RR(C∗(G)) = RR(C∗(Ak ×G2)) = k +RR(C
∗(G2))
=k + dim[g2, g2]
⊥,
hence dim[g2, g2]
⊥ = 3 − k. Since g2 is nilpotent, it then follows that k ≤ 1,
hence k = 1, and then RR(C∗(G2)) = 2 and g = a1 × g2. On the other hand,
4 = ind g = ind (a1 × g2) = 1 + ind g2, hence ind g2 = 3. An inspection of the
table from the proof of Proposition 5.13 shows that the only nilpotent Lie algebras
g2 with dim g2 = 5, RR(C
∗(G2)) = 1, and ind g2 = 3 are n5,4 and n5,5. But
this is impossible: The group N6,15 is two-step nilpotent and of class T , therefore
the relative topology of N̂6,15 \ [n6,15, n6,15]
⊥ is Hausdorff, while this property is
not shared by the complement of characters of any of the groups A1 × N5,4 and
A1 × N5,5, since suitable quotients of these groups are isomorphic to the filiform
group F4 = N4.
Subcase 2: The Lie algebra g is indecomposable, that is, there exist no Lie
algebras g1 and g2 with g = g1× g2 and dim gj ≥ 1 for j = 1, 2. Since dim g = 6, it
then follows that g is one of the 24 Lie algebras labeled as N6N1, N6N2,. . . N6N24 in
[31]. Since we already established that ind g = 4 and dim[g, g]⊥ = 3, it then easily
follows by a direct inspection that either g = n6,15 or g = n6,18, where n6,18 is the
Lie algebra defined by a basis X1, X2, X3, X4, X5, X6 satisfying the commutation
relations
[X6, X5] = X3, [X6, X4] = X2, [X6, X3] = X1.
To complete the proof, we must show that, assuming g = n6,18, one obtains a
contradiction. In fact, if we define h := RX2 + RX4, then h is an ideal of n6,18 for
which the quotient n6,18/h is isomorphic to the 4-dimensional filiform Lie algebra n4
that occurs in Proposition 5.10. Therefore the unitary dual N̂4 is homeomorphic to
a closed subset of N̂6,18 via a homeomorphism that takes the characters [n4, n4]
⊥
of N4 to characters [n6,18, n6,18]
⊥ of N6,18. (See for instance [22, Lemme 3].) The
relative topology in N̂4 of N̂4 \ [n4, n4]⊥ is not Hausdorff by [22, Prop. 2 3]. Hence
the relative topology in N̂6,18 of N̂6,18 \ [n6,18, n6,18]⊥ is not Hausdorff.
On the other hand, since N6,15 is a 2-step nilpotent Lie groups, it follows that
all its coadjoint orbits are flat. Since the coadjoint orbits of N6,15 have dimensions
≤ 2, it then follows by [17, Lemma 6.8(1)] that the relative topology in N̂6,15 of
N̂6,15 \ [n6,15, n6,15]⊥is Hausdorff. Taking into account the above remarks on N6,18,
it then follows that C∗(N6,15) and C
∗(N6,18) are not Morita equivalent. Indeed, if
these two C∗-algebras were Morita equivalent then, by Proposition 5.9 one obtains
a homeomorphism from N̂6,15 onto N̂6,18 that takes the characters of N6,15 onto
the characters of N6,18. This homeomorphism will then map the complement of the
characters of N6,15 homeomorphically onto the the complement of the characters of
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N6,18, which is a contradiction with the fact that one of these spaces is Hausdorff
while the other is not, as established above.
The assumption g = n6,18 thus leads to a contradiction, and then there remains
the fact that g = n6,15, which completes the proof. 
Remark 6.7. A by-product of the proof of Theorem 6.6 is that the Lie group N6,18
is stably C∗-rigid as well.
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